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Fluxon-propagation threshold properties in a resistively coupled Josephson transmission line are
experimentally investigated by use of a direct measurement system for a single fluxon observation.
A nontransmission bias-current region is observed between the high- and low-bias-current transmis-
sion regions. These unexpected threshold properties can be interpreted in terms of an interaction
among damping oscillations. Experimentally obtained properties approximately agree with numeri-
cal simulations.
I. INTRODUCTION II. NUMERICAL ANALYSIS
Recently, the soliton concept in nonlinear dispersive
waves has been applied in solid-state physics. ' In partic-
ular, a sine-Gordon soliton is widely used as a model for
dislocations in crystals, domain walls in ferromagnets,
excitations in the charge-density-wave (CDW) state and a
quantized magnetic flux (fluxon) in a Josephson transmis-
sion line (JTL). However, in most cases, the identification
of a soliton mode sometimes becomes controversial. This
is because a soliton in the solid-state physics is a micro-
scopic object, and perturbational effects may significantly
change its characteristics.
The most direct method for identifying a soliton is to
observe a soliton wave form profile. A JTL is a suitable
system for experimental investigation of sine-Gordon soli-
ton properties, because a fluxon carries a quantized mag-
netic flux of an amount sufficient to observe (4O
=2&& 10 ' Vs).
The measurement systems for observing a single fluxon
have been developed by using a minicomputer signal pro-
cessing technique and a Josephson sampling technique.
The fundamental soliton properties in a JTL have been
directly clarified by these systems, ' and their dependence
on input pulse height and the perturbational effects have
been investigated experimentally. The results have agreed
with numerical and perturbation analyses. ' '"
In this paper, a resistively coupled JTL (RCJ) has been
investigated for the purpose of clarifying the boundary
condition effect and the ability to control fluxons. An
RCJ consists of two JTL's interconnected by a coupling
resistor. It has been previously reported' ' that the in-
cident fluxon transmits, reflects, or annihilates at the
resistor. These properties depend on the bias currents fed
into the respective JTL's. The incident fluxon is more
easily transmitted through the coupling resistor at the
higher bias-current levels, because they provide a fluxon
with Lorentz force. However, through the present experi-
ment, unexpected threshold properties have been observed
in the multifluxon input cases. These properties are dis-
cussed in the following sections.
An RCJ consists of two JTL's (JTL1 and JTL2) inter-
connected by a coupling resistor R, . The equivalent cir-
cuit of the RCJ is shown in Fig. l. At the coupling resis-
tor, the flux quantization condition does not hold. The
behaviors of propagating fluxons are thought to be strong-
ly affected by the resistor. In this section, fluxon thresh-
old properties on the RCJ are investigated by numerical
analysis.
A. JTL parameters and boundary condition
where a, P, and ) are associated with quasiparticle tun-
neling loss, superconducting rf loss, and an artificially
provided bias current, respectively. In the equation, space
and time are normalized by Josephson penetration depth
( =[4&o/(2rrp+J, )]' } and the reciprocal Josephson
yddx
Rdx
j dx
Rc
)(
1 since'C
dx
FIG. 1. Equivalent RCJ circuit. Arrow symbols indicate
bias-current direction.
It is well known that a JTL obeys the sine-Gordon
equation. This equation has a kink solution which corre-
sponds to a quantized magnetic flux (fluxon) in a JTL.
However, an actually fabricated JTL, taking perturbation-
al losses into account, obeys the following modified sine-
Gordon equation:
~V' ~ 0'=sing+ a —P —y,Bx Bx dt
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plasma frequency cpJ ' (=[4&pE/(2~J, t,„)]' ), respective-
ly. Here d =A,L ~+ XL z+t,„(A.L is the London penetra-
tion depth of the electrodes, t,„ is the thickness of the
barrier), J, is the maximum Josephson current density,
and e is the dielectric constant of the tunnel barrier. The
Josephson plasma period ~J is defined by 2~/coJ. The
loss coefficients a and P are represented by
g(Npt „/2m J,e)' and ppA, L cpJ/Rz, respectively. Here g
is the quasiparticle conductance and Rz is the electrode's
parallel resistance due to the quasiparticle excitation. The
bias-current coefficient y is represented by Jz/J„where
Jz is the bias-current density.
The boundary condition at the coupling resistor can be
described by the expressions,
~V1 ~ f1
a +~a.a =
(2)
0.6-
0.4-
0.2-
0
0 0,2 0.4
B )as F&
0.6
where y& and cpz indicate the phase differences for JTL1
and JTL2 at respective sides of the coupling resistor. In
these equations, the first one represents the current rela-
tionship between the two JTL's, while the second one cor-
responds to the voltage relationship. Here R, is normal-
ized by the characteristic impedance Zo of the transmis-
sion line obtained from Eq. (1) by adopting a small ampli-
tude linear approximation.
The incident fluxons are generated by a voltage pulse
input at the JTL1 end. The boundary condition at the in-
put end can be described by the equation
Bg] c)g]
= V,„,(t)+R;„
Here V,„,(t) is rectangular input, and its amplitude and
duration are normalized by the characteristic voltage Vo
[=(NpJ, t,„/2ne)'~ ] and the reciprocal plasma frequency,
respectively. R;„corresponds to the voltage impedance
and is also normalized by Zo. The number of fluxons
generated at the input end can be controlled by the ampli-
tude and the duration of the input pulse. The JTL1 and
JTL2 length is chosen to be 30K,J, which is sufficient to
form stable fluxons.
B. Threshold properties
Fluxon threshold properties for a single incident fluxon
are investigated by integrating the above-modified sine-
Gordon equation. The amplitude and duration of the in-
put voltage are chosen to be 3 Vo and 3/~J, respectively.
Throughout the numerical analysis, the loss coefficients a
and P are fixed at 0.004 and 0.028, respectively.
Figure 2 shows the fluxon threshold properties as a
function of the respective bias-current levels, y~ and yq,
when R, is 2.0Zo. The solid line indicates the threshold
curve of the fluxon transmission, beyond which the in-
cident fluxon transmits across the resistor. Whether the
incident fluxon transmits or not depends on both bias-
current levels. The dashed line indicates the reflection
threshold curve, beyond which the incident fluxon is re-
flected as an antifluxon. Whether it reflects or not mainly
FIG. 2. Numerically obtained threshold properties for a sin-
gle incident fluxon. Solid and dashed lines indicate the
transmission and the reflection curves, respectively.
depends on y &. In the high y & and yz region, the incident
fluxon can produce both a reflected antifluxon and a
transmitted fluxon.
These bias-current dependences can be interpreted in
terms of a mechanical analog. ' In the mechanical analog
of a coupled pendulum array, a fluxon corresponds to a
2m rotation of the pendulum array. y, and y„correspond
to angular velocity of the pendulum and torque transmit-
ted by the torsion bar, respectively. According to the
above boundary condition, the angular velocity and the
torque are transmitted while the angle of the pendulum
does not continuously change at the resistor. In most
cases, the incident fluxon changes to the damping oscilla-
tion in JTL1 as well as in JTL2, because some of the in-
cident energy is reflected, and dissipated at the resistor.
The bias current, however, provides the pendulum with
external torque density. Therefore, with an increase of yz,
a new fluxon can be formed in JTL2. With an increase of
y ~, the transmitted and the reflected energy increases, be-
cause the incident energy increases. Then a fluxon can be
formed in JTL2 even for a small yz, and an antifluxon
can be generated in JTL1. Consequently, the transmission
threshold properties depend on both bias-current levels
while the reflection threshold properties mainly depend on
y ] ~
Fluxon threshold properties for two incident fluxons
are also investigated. The two incident fluxons are gen-
erated by the input voltage having a duration of 6/coJ and
an amplitude of 3 Vo. The other parameters of the RCJ
are fixed. Figure 3 shows the fluxon threshold properties
for the case of two incident fluxons. The threshold curves
of the transmission and reflection are shifted to lower bias
levels. In this figure, below the solid line and the dashed
line, there are two subtransmission and one reflection re-
gion surrounded by the solid and dashed lines, respective-
ly. The upper subtransmission region involves the subre-
flection region. These subtransmission and subreflection
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FIG. 3. Numerically obtained threshold properties for two
incident fluxons. The areas surrounded by solid and dashed
lines correspond to the subtransmission and the subreflection re-
gions, respectively.
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regions mainly depend on y&.
As previously discussed, the incident fluxons are more
easily transmitted and reflected at the coupling resistor at
the higher bias levels. Thus these islandlike subtransmis-
sion and subreflection regions contradict the simple inter-
pretation. At the lower bias levels, such as below the solid
line, the two incident fluxons change to two damping os-
cillations that annihilate in JTL2. However, it is found
that a new fluxon can be created in the JTL2 under the
special condition that the two damping oscillations are in
phase.
Since the subtransmission regions correspond to the in-
phase condition, as will be discussed in Sec. IV, they are
thought to mainly depend on y& which affects the dis-
tance between the two incident fluxons. These sub-
transmission regions are also found when R, is
0.5, 1.0, 1.5,2.5Zo, while they are never found for the single
incident fluxon case. In the previous experiment' where
R, was 0.83ZO and o. was 0.0036, the subtransmission re-
gions were not observed because such multifluxon effects
were not expected and they were not carefully investigat-
ed.
III. EXPERIMENT
The RCJ was fabricated on an oxidized silicon wafer by
conventional JTL fabrication process. ' The schematic
structure is shown in Fig. 4. JTL1 and JTL2 were 25-
pm-wide and 5-mm-long Nb/Nb oxide/Pb junctions and
were interconnected by a series Au resistor, R, . The in-
put and output ends were terminated by a Au resistor,
RT. The Au resistors were formed on thin Cr film in or-
der not to be exfoliated by Nb deposition.
The bias currents Iz~ and Izz are independently provid-
ed through comblike electrodes. Each electrode is 50 pm
wide and is repeated with a 150-pm period, which is
FIG. 4. Fabricated RCJ structure. (a) top view, ' (b) cross-
sectional view at the coupling resistor along the JTL's.
designed to be smaller than a fluxon width. These comb-
like electrodes act to keep the uniform bias current feed-
ing as a result of the Meissner effect of the superconduct-
ing rings formed by adjacent comblike electrodes. The
uniformity could be experimentally checked by estimating
I,R„product of JTL's, where I, is maximum critical
current and R„ is normal resistance component above the
gap voltage. However that estimation could not be ap-
plied to the present JTL's because R„'s were unknown.
To check the uniformity, small monitor junctions were
placed in close proximity to the JTL's. There was rela-
tively large difference (about 50%) of the critical current
densities between the JTL's and the monitor junctions. It
suggests some nonuniformity in Josephson current distri-
bution. All the discrepancy could not be attributed to the
effect of nonuniformity because there may be also oxide
thickness difference.
The nonuniformity may be caused by a residual exter-
nal magnetic field. ' Although there remains some ambi-
guity in determination of Josephson current density, it
does not affect the present results strongly. This is be-
cause the provided bias-current level is much larger than
the shielding currents caused by residual magnetic field.
The external magnetic field is reduced to less than 10 G
by using a p-metal shield.
I- V characteristics for the two JTL's were measured
with their respective bias electrodes, and were almost
identical. Josephson current density was determined to be
5.9 A/cm by using the above I- V characteristics. The
Josephson penetration depth and plasma period were es-
timated at A,J —185 pm and ~J —138 ps, respectively. The
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quasiparticle tunneling loss coefficient o. was estimated at
0.004 by using the linear portion of the monitor junction
I- V characteristics around the origin.
R, and RT values can be exactly determined by using
two different I- V characteristics. The normal resistance
value of the I- V characteristics gleaned from the respec-
tive Nb electrodes of both JTL's corresponds to
2RTR, /(R, +2RT). On the other hand, the normal resis-
tance component for JTL1 is given by (R,
+ RT)RT!(R,+2RT). By using the above relationships,
the coupling resistor and termination resistor were es-
timated to be R, =0.065 II (=1.29ZO) and Rr —0.047 II(=0.92Zo), respectively. In the currently fabricated RCJ,
the characteristic impedance is determined to be 0.0503 Q.
Output voltage responses at the output termination
resistor were measured when voltage pulses were fed to
the input termination resistor. The measurement system
used for observation of single fluxon propagation has pre-
viously been described in Ref. 6.
Figure 5 shows observed fluxon waveform examples at
the output end as a function of bias-current level, y2,
where input pulse height (= —20 dB) and bias current, y~(=0.22) are fixed. The input pulse height of 560 mV,
described in Fig. 5, is set to be 0 dB in the present study.
A fluxon was not observed at (y~,y2)=(0.22,0.14) and
(0.22,0.27), respectively, although it was observed at the
Input Wove formE
A ttenuation 0 d B
~ 200-0:—~ Time(nsec)0 05 ~0
Observed Wave form
Input -20dB((t,i') =( 0.22,0.07)
0 I w tkA W~ At~I P Q I ~ 1
lower (0.22,0.07) and the higher (0.22,0.41) bias-current
levels. These observed examples show there is an inter-
mediate nontransmission bias region between the high-and
low-bias transmission regions.
Figure 6 shows the fluxon threshold properties between
transmission and nontransmission as a function of the two
bias levels (y &, yz). Open circles, triangles, and squares in-
dicate the transmissions at —20 dB, —23 dB, and —25
dB input, respectively, while solid symbols indicate the
nontransmissions. The threshold properties depend on the
input pulse height and the respective bias levels. For the
higher input pulse case, the incident fluxons transmit
across the resistor even at the lower bias levels. At the
higher bias levels, the incident fluxons are more easily
transmitted through the resistor except for the —20 dB
input case.
IV. DISCUSSION
To analyze the experimentally obtained results, Eq. (1)
is numerically integrated with a real input waveform and
experimentally obtained parameters. The effective input
voltage pulse is reduced to a mismatch factor of 2RT/Ro,
where Ro is the source impedance. In addition, the volt-
age is affected by the stray resistance between Nb pad and
spring contact, through which the input pulse is fed.
Therefore, in numerical simulations of the present RCJ,
the termination resistor RT is treated as a fitting parame-
ter. Here the stray inductance at the coupling resistor
must be taken into account. The stray inductance is
determined to be 1.5 pH by considering the fabricated
structure.
The boundary condition at the coupling resistor can be
described by the expression
Input
o ~ 20 dB
h & —23dB
& ~
-25 dB
20- (0.22, Q14 )
~ n. ~ ~ W h A IA ~~m i0vvvv vga'v'v'v~0
o 20- (0.22,0.2 7)
20- (0.22, 0.4 I )
CL
I L A hl ~ ~ I ~ I0
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H
-. IIh ~h
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AE &a A
-
-E3 H
O ~~ h~ dg II llo, -ii
II II ~0' ih. ~P
I0
t'll Y3~~
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Bias
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FIG. 5. Observed fluxon waveform examples at the output
end as a function of bias y2 with fixed input (= —20 dB) and yl(=0.22). Input pulse of 0 dB corresponds to 560 mV.
FICi. 6. Experimentally obtained fluxon transmission thresh-
old properties as a function of respective bias currents yI and
y&. Open circles, triangles, and squares indicate the transrnis-
sions at (a) —20 dB, (b) —23 dB, and (c) —25 dB input, respec-
tively. Solid symbols indicate the nontransmissions.
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FIG. 7. Comparison between experimental and numerical re-
sults on threshold properties. Circles, triangles, and squares
correspond to experimental results for —20 dB, —23 dB, and
—25 dB input, respectively. Shadowed areas represent the nu-
merically obtained transmission regions.
Bg( R, +I,—Bt Bt (4)
where L, represents the stray inductance component at
R, . The current relationship at the resistor is identical
with Eq. (2). The boundary condition at the input end has
been described in Ref. 15. Here the rf loss coefficient P
cannot be determined experimentally. Therefore, it is as-
sumed to be 0.028, according to Ref. 8. Throughout the
following numerical analysis, the termination resistor Rz-
is chosen to be 0.67Zo as a best fit value. This value
means that about 16 A stray resistance exists between Nb
pad and spring contact.
To compare with the experimentally obtained results,
numerically obtained threshold properties are shown in
Fig. 7. The shadowed areas represent the numerically ob-
tained transmission regions. Islandlike subtransmission
regions surrounded by nontransmission regions are found
for the —20 and —23 dB input cases, where more than
two fluxons are thought to be generated. Although com-
pletely isolated transmission regions were not observed,
the numerica11y obtained threshold properties for —20
and —23 dB input explain the experimental results.
For the —25 dB input case, numerical results did not
agree with the experimental ones in a region for y& below
0.28. The experimental results show that in this region
the incident fluxon is not transmitted through the cou-
pling resistor even in the high yz region. This suggests
that the incident fluxon is either not generated at the in-
put end or it is trapped by a weak pin hole. It is found in
the present numerical analysis that the fluxon is not gen-
erated at the input end for y& below 0.28 when input is
—27 dB.
Figure 8 shows the numerically obtained propagation
processes near the coupling resistor as a function of
respective bias-current levels with a fixed input of —20
dB. The z axis ( —Bp/c)x) corresponds to a current distri-
bution (magnetic field) and is normalized by
Io[= I@01,/(2vrpod) I ' tU], where to is the JTL width. In
the present experiment Io were estimated to be 0.29 mA.
x =0 corresponds to the position of the coupling resistor.
Figures 8(a)—8(f) present fluxon waveform examples as a
function of y& with yz fixed and as a function of yz with
yj fixed, respectively. These correspond to transmission
and nontransmission cases in Fig. 7(a). At lower bias-
current levels, two incident fluxons generated at the input
end of JTL1 change to damping oscillations in JTL2.
However, under the special bias condition that the respec-
tive damping oscillations are in phase, a new fluxon can
be created in JTL2, as shown in Figs. 8(a) and 8(d). When
the respective damping oscillations are out of phase, a
fluxon cannot be created in JTL2, as shown in Figs. 8(b)
and 8(e). At higher bias-current levels, the second fluxon
passes through the coupling resistor, as shown in Figs.
8(c) and 8(f). These propagation processes indicate that
an intermediate nontransmission bias region exists be-
tween the high- and low-bias transmission regions. The
islandlike subtransmission regions in Fig. 7 correspond to
these in-phase conditions. The unexpected threshold
properties obtained experimentally can be interpreted in
terms of this damping oscillation interaction.
In our observation system, the output signals are syn-
chronously added and averaged 1000 times by digital min-
icomputer systems in order to reduce the noise level. Be-
cause of the phase-sensitive nature of the interaction, even
small jitters in the input pulse or bias level fluctuation can
easily wash out the detailed islandlike structure
throughout the averaging process. This explains why
completely isolated transmission regions were not ob-
served in our experiment.
These experimentally and numerically obtained thresh-
old properties show that transmission and nontransmis-
sion of the incident fluxons at the coupling resistor can be
controlled by manipulating the external bias-current lev-
els. This ability to control fluxons is realized by a release
from the flux quantization condition at the coupling resis-
tor that enables fluxons to annihilate.
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V. CONCLUSION
Fluxon threshold properties in an RCJ were investigat-
ed experimentally and numerically. The fabricated RCJ
consisted of two Nb/Nb oxide/Pb JTL's, interconnected
by a Au series resistor. Transmitted fluxons at the output
end were observed by using a single fluxon observation
system. The threshold properties depended on input pulse
height and bias levels fed into the respective JTL's. For
the higher input case, incident fluxons transmitted across
the coupling resistor even at the lower bias levels. While
in the higher bias levels, the incident fluxons more easily
transmitted through the resistor. However, when two
fluxons were generated, an intermediate nontransmission
bias region was observed between the high- and low-bias
transmission regions. These unexpected threshold proper-
ties can be interpreted in terms of the interaction among
damping oscillations.
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